This is a short companion paper to [16] . We construct an integrable system on an open subset of a Fano manifold equipped with a toric degeneration, and compute the potential function for its Lagrangian torus fibers if the central fiber is a toric Fano variety admitting a small resolution.
Introduction
An integrable system is a set {Φ i } For a Lagrangian submanifold L in a symplectic manifold, the cohomology group H * (L; Λ 0 ) with coefficient in the Novikov ring Λ 0 has a structure of a weak A ∞ -algebra by the fundamental work of Fukaya, Oh, Ohta and Ono [10] . A solution to the MaurerCartan equation The moment map for the torus action on a toric Fano manifold with respect to a torus-invariant Kähler form provides an example of an integrable system. The potential function for its Lagrangian torus fiber is computed by Cho and Oh [5] and Fukaya, Oh, Ohta and Ono [7] .
We discuss the following problem in this paper: Problem 1.1.
1. Which Fano manifold admits a structure of an integrable system?
Compute the potential function for Lagrangian torus fibers in such cases.
Motivated by the work of Batyrev et al. [2, 3, 4] , we assume that a Fano manifold X has a toric degeneration, so that there is a flat family f : X → B of projective varieties over some base B containing two points 0 and 1 such that X t is smooth for general t ∈ B, X 1 is isomorphic to X and the central fiber X 0 is a toric variety. Choose a piecewise smooth path γ : [0, 1] → B such that γ(0) = 0, γ(1) = 1 and X γ(t) is smooth for t ∈ (0, 1]. Then the symplectic parallel transport along γ gives a symplectomorphism γ : X of X 1 . By transporting the toric integrable system Φ 0 :
by γ, one obtains an integrable system
be the affine functions defining the faces of the moment polytope;
The proof of [16, Theorem 10.1] immediately gives the following: Theorem 1.2. Assume that X 0 is a Fano variety admitting a small resolution. Then for any u ∈ Int ∆, one has an inclusion
for the Lagrangian torus fiber L(u) = Φ −1 (u), and the potential function is given by
As a corollary, one obtains a non-displaceable Lagrangian torus just as in [7 
The organization of this paper is as follows: In Section 2, we illustrate Theorem 1.2 with an example of a toric degeneration. In Section 3, we discuss toric degenerations of quadric hypersurfaces and their relation with Gelfand-Cetlin systems for orthogonal groups. In Section 4, we show that the vanishing cycle on the quadric surface with respect to the degeneration into the weighted projective plane P(1, 1, 2) is the image of the anti-diagonal Lagrangian submanifold in P 1 × P 1 by the Segre embedding. In Section 5, we discuss an alternative approach to compute the potential function for a Lagrangian torus in S 2 × S 2 originally due to Auroux [1] and Fukaya, Oh, Ohta and Ono [9] , which can also be applied to cubic surfaces.
Complete intersection of two quadrics in P

5
It is known by Newstead [14] and Narasimhan and Ramanan [13] that the moduli space of stable rank two vector bundles with a fixed determinant of odd degree on a genus two curve defined as the double cover of P 1 branched over {ω 0 , . . . , ω 5 } ⊂ C is a complete intersection X = Q 1 ∩ Q 2 of two quadrics
Since the total Chern class of the tangent bundle T X is given by
the top Chern class and hence the Euler number of X vanishes. Since the cohomology ring of a complete intersection is non-trivial only at the middle dimension, the cohomology group of X has rank eight. We equip X with the Kähler form ω = λω FS | X where λ > 0 and ω FS is the Fubini-Study form. Fano complete intersections in projective spaces admit several toric degenerations in general. In the case of two quadrics as above, one possible degeneration is the complete intersection of z 0 z 1 = z 2 z 3 and z 2 z 3 = z 4 z 5 , which has a torus action given by
so that the moment polytope is the convex hull of
which is an octahedron. The central fiber has six ordinary double points and admits a small resolution. The defining inequalities for the moment polytope are
so that the potential function is given by
By equating the partial derivatives
with zero, one obtains non-isolated critical points defined by y 2 = −y 1 , and y 3 = −1,
, or
, and y 3 = −1, and four non-degenerate critical points defined by
The valuations of the latter four critical points are given by
and lies in the interior of the moment polytope. 3 Quadric hypersurfaces and Gelfand-Cetlin systems
n = 0} be a quadric hypersurfaces in P n−1 equipped with a Kähler form ω = λω FS | X (λ > 0). In this case, we have two families
and
whose general fibers are isomorphic to X and special fibers X 
0 is the weighted projective plane P(1, 1, 2), or equivalently, the blow-down of the (−2)-curve in the Hirzebruch surface
Let us discuss the degeneration X 3 in more detail. Since the central fiber is isomorphic to X 3 0
with respect to λω FS is given by
where
. . .
the moment map is written as
in terms of x-coordinates. Now we change the coordinates on the torus so that the moment map (ν 2 , . . . , ν n−1 ) : P n−1 → R n−2 is given by
Then the moment polytope is defined by
On the other hand, the fact that X is isomorphic to a generalized flag manifold SO(n)/S(O(2) × O(n − 2)) of type B or D enables us to construct a completely integrable system on X by using the same method as in [11] . We recall the construction in more general setting. Let X = SO(n, C)/P be a generalized flag manifold of type B or D.
Hereafter we identify the Lie algebra so(n) of SO(n) with its dual by an invariant inner product. Then X can be identified with an adjoint orbit in so(n) of a point in the positive Weyl chamber, i.e. a matrix of the form 
and write the moment map of its action on X as µ SO(k) : X → so(k). For each x ∈ X, let (λ (k) i (x)) i be the intersection of the adjoint orbit of µ SO(k) (x) ∈ so(k) with the positive Weyl chamber. Then the collection of the functions λ (k) i for k = 2, . . . , n − 1 and 1 ≤ i ≤ k/2 gives a completely integrable system on X, which is called the Gelfand-Cetlin system.
It is easy to see that its image is a polytope defined by
if n = 2m + 1 is odd, and
2 | λ (2) is called the Gelfand-Cetlin polytope.
In our situation, X is identified with the orbit of (λ ≥ 0 ≥ · · · ≥ 0), and hence λ
are zero except for λ
1 for k = 2, . . . , n − 1. In particular, the Gelfand-Cetlin polytope is defined by λ ≥ λ
1 |, which coincides with the moment polytope of X 3 0 . To construct a toric degeneration of the Gelfand-Cetlin system, we introduce a degeneration of X in stages as follows. For k = n, n − 1, . . . , 3, the (n + 1 − k)-th stage of the degeneration is defined by
. Then the fiber X k,t over t ∈ C has actions of SO(k) and a subtorus T n−k = {(τ k+1 , . . . , τ n )}. Let µ SO(k) : P n−1 → so(k) be a moment map of the SO(k)-action on P n−1 . Note that this is a natural extension of the moment map on X. In terms of the homogeneous coordinates, µ SO(k) is expressed as
A point in the positive Weyl chamber corresponding to the image µ SO(k) (x) is also denoted by (λ
1 is given by
which coincides with ν 2 on P n−1 . On the other hand, λ
In particular, λ
coincides with ν k on X k+1,0 = {x
Using the same argument as in [16] , we obtain the following: Proposition 3.1. For each stage, we define
Then the sequence of Φ k together with the gradient-Hamiltonian flow give a toric degeneration of the Gelfand-Cetlin system.
Vanishing cycle on the quadric surface
In this section, we consider the family X 3 in the case of n = 4. Note that the embedding
is given by
and then the restriction of the Fubini-Study metric ω FS to P 1 × P 1 coincides with p * 1 ω P 1 + p * 2 ω P 1 , where ω P 1 is the Fubini-Study metric on P 1 and p i :
is a Lagrangian sphere with respect to this symplectic form, and its image in P 3 is given by
Recall that the family X 3 is defined by the equation
Hence the fiber X t over t ∈ C is given by X t = f −1 (t) for a rational function
:
Lemma 4.1. The gradient-Hamiltonian flow of f on P 3 sends L to the singular point of X 0 .
Proof. We regard (x 1 , x 2 , x 3 ) as a coordinate on {x 4 
Since ω FS , L, and f are invariant under the natural SO ( 
More precisely, we will show that the orbit of the gradient trajectory is given by {x 2 = x 3 = Im x 1 = 0}.
Recall that the gradient-Hamiltonian vector field of f is defined by
where ∇(Re f ) is the gradient vector field of Re f , and ξ Im f is the Hamiltonian vector field of Im f . The flow of V sends a fiber X t to another one (see [17] ). Since
on {x 2 = x 3 = 0}, and df = −2 x i dx i = −2x 1 dx 1 on {x 2 = x 3 = 0}, the Hamiltonian vector field of Imf has only ∂/∂x 1 and ∂/∂x 1 components. This implies that the gradientHamiltonian flow preserves {x 2 = x 3 = 0}. Next we take be a polar coordinate x 1 = re √ −1θ . Then we have
on {θ = 0, x 2 = x 3 = 0}. Hence the Hamiltonian vector field of Imf is given by
which shows the above claim.
Remark 4.2. L is the fixed locus of the antiholomorphic involution
This involution extends to an involution
Since the Fubini-Study metric and Re(f ) are ι-invariant, the gradient vector field ∇Re(f ) is also ι-invariant. In particular, ∇Re(f ) preserves the fixed locus (P 3 ) ι . This also shows that the gradient-Hamiltonian flow sends
Now a result of Fukaya, Oh, Ohta and Ono shows the following: 
Since the quantum cohomology ring of P 1 is isomorphic to the direct sum of two copies of Λ 0 , a standard deformation theory argument shows that the A ∞ -structure on H * (L; Λ) is equivalent to the trivial one, so that the idempotent completion of the full triangulated subcategory of the derived Fukaya category of P 1 × P 1 generated by L is equivalent to the direct sum of two copies of the derived category of Λ-modules.
Deformation of singular disks in toric weak Fano surfaces
We develop a theory concerning the deformability of singular disks in some toric surfaces. Consider a degenerating family π : X → C of P 1 × P 1 to the Hirzebruch surface F 2 . The surface F 2 has the unique (−2)-curve, which we write as D. Since F 2 is a toric surface, fixing some invariant Kähler form ω, the moment map µ : F 2 → ∆ is defined, where ∆ is a suitable trapezoid. Take a point u in the interior of ∆ and let L(u) be the fiber of µ over u.
Since the family X is the product F 2 × C as a differentiable manifold, ω together with the standard Kähler form on C defines a Kähler form on X, making X → C a toric degeneration of integrable systems (the structure of integrable systems on the fibers over q ∈ C \ {0} is defined by the pullback of that of F 2 by the gradient-Hamiltonian flow along some fixed path γ, which gives a toric degeneration of the Gelfand-Cetlin system on P 1 × P 1 ). Let γ : [0, 1] → C, γ(1) = 0, and let X s be the fiber of π over γ(s). There is a unique family of disks of Maslov index two:
which intersect the curve D. Let α ∈ H 2 (F 2 , L(u); Z) be the homology class of their images. We consider stable maps
with the following properties.
• (C, S 1 ) is a prestable bordered Riemann surface of genus zero, one boundary component and without marked point.
• The homology class of the image is
Pulling back L(u) by the gradient Hamiltonian flow along γ, we have a family of La-
The problem we consider is to determine when the stable map φ can be lifted to a stable map to (X s , L(u) s ).
Let us first consider the case with k = 0. The deformation of φ is controlled by the tangent-obstruction complex as usual, provided the relevant sheaves are replaced by Riemann-Hilbert sheaves. Such a deformation theory is developed in [15] . We refer to it for precise arguments, and here we omit the technicalities. In the case k = 0, the relevant complex in F 2 is, 0
Here one easily sees that the normal bundle N is isomorphic to the trivial Riemann-Hilbert line bundle (O D 2 , O S 1 ). We try to lift φ to generic fibers order by order. The obstruction to the lift at each step is controlled by and clearly the global moduli of the lift is isomorphic to that of φ. Namely, they are parametrized by S 1 , and the boundary sweeps the fiber L(u) s as we move the maps. Now we move to the cases with k > 0. Note that the Maslov indices of the maps are two for all k.
Consider the case with k = 1. In this case, the domain curve is the one point union C = D 2 ∪ P 1 . So the moduli of these maps are the same as the case with k = 0. The tangent-obstruction complex for φ, which do not change the structure of the singularity of C is,
here Θ ′ C is the sheaf of tangent vector fields on C, see [12] . To include the deformation which smooth the singularity of C, it suffices to replace Θ ′ C by the logarithmic tangent bundle Θ C . Then the tangent-obstruction complex becomes 0 → Θ C → φ * Θ F 2 → N → 0.
Note that Θ C is an invertible sheaf which restricts to O(1) on the component P 1 of C, and to the Riemann-Hilbert bundle E on D 2 , such that the doubling of E is isomorphic to O P 1 (−1) (the isomorphism class of E is uniquely determined by this condition).
In this case, one sees that N is a line bundle, which restricts to O(−1) on P
